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Abstract. For a non-compact metrizable space X, let £(X) be the set of 
all one-point metrizable extensions of X, and when X is locally compact, let 
£x{X) denote the set of all locally compact elements of £(X) and A : £(X) — > 
Z(/3X\X) be the order-anti-isomorphism (onto its image) defined in: [HJW] 
M. Henriksen, L. Janos and R.G. Woods, Properties of one-point completions 
of a non-compact metrizable space, Comment. Math. Univ. Carolinae 46 
(2005), 105-123. By definition \(Y) = C\ n<UJ chjx (U n H X)\X, where Y = 
X U {p} € £(X) and {U n }n<u is an open base at p in Y. Answering the 
question of [HJW], we characterize the elements of the image of A as exactly 
those non-empty zero-sets of /3X which miss X, and the elements of the image 
of £]f(X) under A, as those which are moreover clopen in j3X\X. We then 
study the relation between £(X) and £^(X) and their order structures, and 
introduce a subset £<;(X) of £(X). We conclude with some theorems on the 
cardinality of the sets £(X) and £k(X), and some open questions. 



1. Introduction 

If a Tychonoff space Y contains a space X as a dense subspace, then Y is called 
an extension of X. Two extensions Y\ and Y% of X are said to be equivalent if 
there exists a homeomorphism of Y\ onto Yi which keeps X pointwise fixed. This is 
an equivalence relation which partitions the set of Tychonoff extensions of X into 
equivalence classes. We identify these equivalence classes with individuals whenever 
no confusion arises. For two Tychonoff extensions Y\ and Y^ of the space X, we 
let Y\ < Y2 if there exists a continuous function from Y2 into Y\ which keeps X 
pointwise fixed. This in fact, defines a partial order on the set of all Tychonoff 
extensions of the space X. We refer the reader to Section [4~TI of [14] for a detailed 
discussion on this subject. 

In this paper we are only concerned with those extensions Y of a space X for 
which Y\X is a singleton. Such kind of extensions are called one-point exten- 
sions. One-point extensions are studied extensively. For some results as well as 
some bibliographies on the subject see [II] and [12]. The present work is based 
on [9], in which the authors studied the one-point extensions of locally compact 
metrizable spaces. Their work was in turn, motivated by Bel'nov's studies of the 
set of all metric extensions of metrizable spaces. In [9], for a locally compact sepa- 
rable metrizable space X 7 the authors investigated the relation between the order 
structure of the set of all one-point metrizable extensions of X and the topology of 
the space j3X\X (as usual j3X is the Stone-Cech compactification of X). One of 
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the earliest results of this sort is due to Magill [13] who proved that if K.(X) and 
IC(Y) denote the set of all compactifictions of locally compact spaces A and Y, 
respectively, then /C(A) and JC(Y) are order-isomorphic if and only if /3X\X and 
f3Y\Y are homeomorphic. Part of this paper is devoted to the relation between 
the order structure of certain subsets of one-point metrizable extensions of a locally 
compact non-separable metrizable space X and the topology of certain subspaces 
of j3X\X. We now review some of the notations and give a brief list of the main 
results of [9] that will be used in the sequel. This at the same time makes our work 
self-contained. 

The letters I and R denote the closed unit real interval and the real line, respec- 
tively. For spaces X and Y, C{X,Y) denotes the set of all continuous functions 
from X to Y. For / G C(A, R), we denote by Z(f) and Coz(f), the zero-set and 
the cozero-set of /, respectively. The support of / is the set clx (Coz(f)) and is 
denoted by supp(/). By Z(X) we mean the set of all zero-sets of / £ C(X, R). A 
subset of a space X is called clopen in X, if it is simultaneously closed and open in 
X. We denote by B(X) the set of all clopen subsets of a space X. The weight of 
X is denoted by w(X). The letters lo and ui\ denote the first infinite countable and 
the first uncountable ordinal numbers. We denote by Ho and Hi the cardinalities of 
lo and loi, respectively. The symbol [CH] denotes the Continuum Hypothesis, and 
whenever it appears at the beginning of the statement of a theorem, it indicates 
that the Continuum Hypothesis is being assumed in that theorem. The two symbols 
V and /\ are used to denote the least upper bound and the greatest lower bound, 
respectively. If P and Q are partially ordered sets, a function / : P — > Q is called 
an order-homomorphism (order- anti-homomorphism, respectively) if f(a) < f(b) 
(f( a ) ^ f(b), respectively) whenever a < b. The function / is called an order- 
isomorphism (order-anti-isomorphism, respectively) if it is moreover bijective and 
/ _1 : Q — > P is also an order-homomorphism (order-anti-homomorphism, respec- 
tively). The partially ordered sets P and Q are called order-isomorphic (order-anti- 
isomorphic, respectively) if there is an order-isomorphism (order-anti-isomorphism, 
respectively) between them. 

Let X be a non-compact metrizable space. We denote by £(X) the set of all 
one-point metrizable extensions of X. A sequence IA — {U n } n<u , of non-empty 
open subsets of X is called a regular sequence of open sets in X, if for each n < lo, 
clx £4+i QU n . If moreover U n — 0, we call IA an extension trace in X 

(Definition 13.11 of [9]). Every extension trace {f/ n }n<w in X generates a one-point 
metrizable extension of A. In fact if we let Y = X U {p}, where p £ A, and define 

Oy = Ox U{VU {p} : V is open in A and V D U n , for some n < lo} 

where Ox is the set of open subsets of A, then (Y,Oy) constitutes a one-point 
metrizable extension of A (see Theorem 2 of [1] or Theorem l4.3l of [2]). Conversely, 
if for Y = X U {p} G £(X), we let for each n < lo, U n = B(p, l/n) n A, then 
{U n } n <ui is an extension trace in A which generates Y. If Yu = X U {p} is the one- 
point metrizable extension generated by the extension trace U — {U n } n <uj, then 
the set {U n U {p}} n <u> forms an open base at p in Yu. For two extension traces 
U = {U n } n<LJ and V = {V n } n <u in A, we say that U is finer than V, if for each 
n < lo, there exists a k n < lo such that Uk n Q V n . For extension traces U and V in 
A, Y u > Y v if and only if U is finer than V (Theorem EH of [9]). For A C A, A* 
is (c\pxA)\X , in particular A* = /3X\X. If A is moreover locally compact, we let 
A : £(X) — > Z(X*) be defined by \(Y) = f] n<u U*, where {U n } n<ul is an extension 
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trace in X which generates Y. The function A is well-defined, and it is an order- 
anti-isomorphism onto its image (Theorem 14. ID of [9]). If X is moreover separable, 
then X(£(X)) = Z(X*)\{0}, and therefore in this case, £{X) and Z{X*)\{$] are 
order-anti-isomorphic. Thus for locally compact non-compact separable metrizable 
spaces X and Y, £(X) and £(Y) are order-isomorphic if and only if X* and Y* 
are homeomorphic (Theorem 15.41 of [9]). If £k(X) is the locally compact elements 
of £(X), then when X is separable, X(£k(X)) is the set of all non-empty clopen 
sets of X* (Theorems 15.51 and 15 . 61 of [9]). Thus when X and Y are locally compact 
non-compact separable metrizable spaces whose Stone-Cech remainders are zero- 
dimensional, then £k{X) and £k(Y) are order-isomorphic if and only if X* and Y* 
are homeomorphic (Theorem 15.71 of [9]). If X is non-separable, we let aX denote 
the subset of (3X consisting of those points of f3X which are in the closure in j3X of 
some c-compact subset of X. We make use of the following theorem in a number 
of occasions (see I4.4I F of [7] ) . 

Theorem 1.1 (Alexandroff). If X is a locally compact non-separable metrizable 
space then it can be written as 

X = ^^Xi, where each X; is a non-compact separable subspace. 
iei 

Now using the above notations, for a locally compact non-separable metrizable 
space X, we have 



Clearly aX is an open subset of f3X. If caX = f3X\aX, for a locally compact non- 
separable metrizable space X, if Z £ X(£(X)), then mt ca x(Z\aX) — (Theorem 
6.6 of [9]). When X is an uncountable discrete space the converse also holds, i.e., 
for ^ Z £ Z(X*), Z e X(£(X)) if and only if mt caX (Z\aX) = (Theorem 6.8 
of [9]). When X is locally compact, to every ^ Z £ Z(X*), there corresponds 
a regular sequence of open sets {U n } n<u in X for which Z = {~\ n<UJ U* (Corollary 
14.31 of [9]). Theorem 6.7 of [9] characterizes the elements of X(£(X)) in terms of 
the regular sequences of open sets generating them as follows. Suppose that X is 
a locally compact non-separable metrizable space and let ^ Z £ Z(X*). Then 
Z £ X(£ (X)) if and only if there does not exists S £ Z(X) such that ^ S*\aX C 
Z\aX if and only if dpx(f) n<ul U n ) C oX , where {U n } n<u is a regular sequence of 
open sets in X for which Z = f] n<u U*, if and only if f] n<u U n is a-compact (with 
{U n } n <ui as in the previous condition). 

We also make use of the following well known result. If Z\, . . . , Z n are zero-sets 
in X, then cl^x(n"=i Zi) = HlLi c ^/3xZi. For other undefined terms and notations 
we refer the reader to the texts of [7], [8] and [14]. 



In Theorem 6.8 of [9], the authors characterized the image of A for an un- 
countable discrete space X, as the set of all non-empty zero-sets of X* such that 
mt ca x(Z\aX) = 0. They also asked whether this characterization can be gener- 
alized to the case when X is any locally compact non-separable metrizable space. 
In the following theorem we answer this question by characterizing those spaces X 
for which the above characterization of the image of A holds. 




2. Characterization of the image of A 
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Theorem 2.1. Let X be a locally compact non-separable metrizable space and let 
X = ® ieI Xi, where each Xi is a separable non-compact subspace. Then we have 

(1) // at most countably many of the Xi 's are non-discrete, then for a ^ Z £ 
Z(X*), we have Z G X(£(X)) if and only if int CCT x (Z\aX) = 0; 

(2) If uncountably many of the Xi 's are non-discrete, then there exists a ^ 
Z e Z(X*) such that mt caX (Z\aX) = 0, but Z <£ \(£(X)). 

Proof. 1) This follows by a modification of the proof given in Theorem 6.8 of [9]. 

2) Let L — {i £ / : Xi is not a discrete space}. Suppose that {L n } n<UJ is a 
partition of L into mutually disjoint uncountable subsets. For convenience, let the 
metric on X be chosen to be bounded by 1, and such that d(x,y) = 1, if x and 
y do not belong to the same factor JQ. Since for each i e L, Xi is non-discrete, 
there exists a non-trivial convergent sequence {x l n } n<UJ in Xj. Let, for each i G L, 
Xi denote the limit of the sequence {x l n } n<u] and assume that Xi £ {x l n } n<lJ j. We 
define a sequence {U n } n<UJ by letting 

Un = U {^(^ — ; fc ) -k <(J and i e i fc |. 

Clearly {U n }n<u> is a regular sequence of open sets in X. By Lemma |4~T1 of [9], we 
know that Z = f| n<a) E/£ £ £(X*). We claim that mt c<jX (Z\aX) = 0. So suppose 
to the contrary that mt CC rx(Z\aX) ^ 0, and let U be an open set in /3X such that 

^ U\aX C c\ px U\aX C Z\(tX. 

For each n < w, since clx^n+i C {/„, cLxfTn+i and X\U n are disjoint zero-sets of 
X and thus we have c\/3x {clxU n +i)ric\px (X\U n ) = 0. Therefore clpx(c\xU n +i) C 
f3X\cl/3x(X\U n ). On the other hand, since (3X\c\px{X\U n ) C cl^x^n, we have 
pX\clpx(X\U n ) C int/3x(cl/3x?/7i), and therefore cl/gxC/n+l Q intp X (c\pxU n )- But 
since 

cL px U\<rX C Z\aX C chixtWiV* 

it follows that 

cl^x^Vnt/jxCcl/SX^n) C cl^x^\cl/3X^n+l C crX. 

Therefore by compactness, for each n < w, there exists a countable set J n C I such 
that 

c\p X U\mt P x(c\pxU n ) C cl^x( |J Xi) C cl^x( |J x) 

where J = J\ U J% U • ■ • . Now comparing with above, for each n < uj, we have 
cl/3xf/ C chjxt^ U cl^x ( (J X;) 

and thus 

cl^xf/ C ( f| chjxC/n) U Cl^x ( |J X) . 

Therefore 

c/nxc ci^xf/ n X c (J jr, u ( f| f/„) = |J X u {x, 

ie.7 n<u> i£,J 

Let 

M= U ({**}U{4:»<w})- 
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Then as {xt : i G L} C M we have 

c\ 0X U = c\px(U H X) C clp X (\J U clpx({xi : i £ L}) CalUcl^M 

and so cl/jjf £7\crX C clgxAf\crX. For each n < ui, let V n = U n P\M. Then since for 
each n < to, {xi : i S £} C V n , it follows that (7 H X C y„ U Uie j -^i> ano - therefore 

UHXC clp X U C cl^xK U cbj* ( |J X,) C dpjcK U crX. 

Thus by the way we have chosen U, for each n < u>, we have 

^ U\aX C clf,xU\<7X C cl^KVX C cl^ x Af\crX. 

Now since M is a closed subset of the (normal) space X, by Corollary 13.61 8 of [7], 
clpxM is a compactification of M equivalent to f3M. But M is zero-dimensional 
and hence strongly zero-dimensional, as it is a locally compact metrizable space, 
(see Theorem 6 12. ID of [7]) therefore, there exists a non-empty clopen subset W of 
clpxM such that W C U n cl^M and W\ctX ^ 0. Since 

W\aX C t/\erX C chjxV^oX 

and by the way we defined V n (V n is a clopen subset of M) dpxV n is a clopen 
subset of clpx M, W\c\pxV n is a compact subset of aX. Therefore, for each n < oj, 
there exists a countable H n C I such that 

W / \cl^xK C d px ( |J X<) C cV( |J Xi) 

where ff = if x U -ff 2 U • • • . We have 

W C (T^\cl /3X K) U chjxK C cl^ x ( |J X,) U 6LpxV n 

and therefore 

w c ci^ x ( u x u ( n c w y «) ■ 

Now 

ffnMc(([J x^ nl) u ( p| k). 

We also have 

n y n = n u * n m = : * e l > 

n<uj n<u 

and therefore WflMCPU {x^ : i £ L}, where P is a countable subset of M. For 
each iGL for which S W PI M, since is an open subset of cl^xAf, W n M is 
an open neighborhood of Xj in M, and therefore as {x l n } n<UJ converges to Xi, there 
exists an rii < w such that x z n . € W n M, which implies x l n . G P. Now since P is 
countable, the set Q = {i E L : Xi d W D M} is also countable and we have 

w n M c p u : i e Q} C |J Xi 
for some countable subset G of /. But W is chosen to be clopen in clgxAf , therefore 

w = c\ px w n d px M = d px (w n M) c dp* ( |J x) C aX 

lEG 
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which is a contradiction, since W is chosen such that W\aX ^ 0. This shows that 
int caX (Z\aX) = 0. Now we note that by Theorem 6.7 of [9], Z € A(£(X)) implies 
that 

cl{3x({x t :ieL})= c\p X ( f] U^j C aX 

and so 

clpx({xi : i G £}) C clgxf |J 

for some countable F <Z I . Therefore since lJ iGF Xi is clopen in X, 

{ Xi : i £ L} C \J Xt 

which is clearly a contradiction, since we are assuming that L is uncountable. This 
shows that Z £ X(£(X)), which completes the proof. □ 

In the next theorem we give a characterization of the image of A. Note that if 
X is locally compact, then X* is closed in j3X and thus it is C-embedded. 

Theorem 2.2. Let X be a locally compact non-compact metrizable space. Then 
X(£(X)) consists of exactly those non-empty zero-sets of f3X which miss X. 

Proof. Suppose that S G X(£(X)). Then S G Z(X*), and therefore there exists an 
/ G C(fiX, I) such that Z(f)\X = S. Let for each n < w, U n = X n / _1 ([0, 1/n)). 
Then as in the proof of Lemma [4.21 of [9], {U n } n<UJ is a regular sequence of open 
sets in X such that S = f] n<u U*. Now since Z(f) n X = f] n<u U n , it follows 
from Theorem 6.7 of [9] that Z(f) n X is a-compact. Let Z(/) nl = |J n<w if„, 
where each K n is compact, and let for each n < u>, g n G C(f3X,T) be such that 
9n(K n ) C {1} and g n (Z(f)\X) C {0}. Let 3 = ^5«/2". Then 5 is continuous 
and 5 = n ^(ff) is a zero-set in (3X which misses X. 

Conversely, suppose that ^ S G Z{flX) is such that 5nl = 0. Let S = Z(f), 
for some / G C(f3X,I). For each n < u, we let U n = X n / _1 ([0, 1/n)). Then by 
the proof of Lemma [4.21 of [9], {U n }n<cj is a regular sequence of open sets in X 
such that S = C\ n<UJ U*. Now since f| n<w £/„ = 0, {U n } n<u] is an extension trace 
in X, and thus S G A(£(X)). □ 

3. On the order structure of the sets £k(X) and £(X) and their 

RELATIONSHIP 

In Theorems 15.51 and 15.61 of [9] , for a locally compact separable non-compact 
metrizable space X, the authors characterized the image of £k{X) under A as the 
set of all non-empty clopen subsets of X* . We will extend this result to the non- 
separable case in bellow. First in the following lemma we characterize the elements 
of £k(X) in terms of the extension traces generating them. 

Lemma 3.1. Let X be a locally compact non-compact metrizable space and let 
Y = X U {p} G £{X). Then the following conditions are equivalent. 

(1) Y is locally compact; 

(2) For every extension trace 14 — {U n } n<UJ in X generating Y , there exists a 
k < lo such that for all n > k, clxU n \U n +i is compact; 

(3) There exists an extension trace U — {U n } n<UJ in X generating Y , such that 
for all n < u), cl x U n \U n +i is compact. 
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Proof. (1) implies (2). Let U — {U n } n <uj be an extension trace in X which gener- 
ates Y. Since {U n U {p}} n <u> forms an open base at p in Y, there exists a k < uj 
such that c\y{Uk U {p}) is compact. Now for each n > k, clxU n \U n +i is a closed 
subset of c\y(Uk U {p}), and therefore is compact. 

That (2) implies (3) is trivial. (3) implies (1). Let IA = {U n } n<ul be an extension 
trace in X which generates Y, and suppose that c\xU n \U n +i i s compact for all 
n < uj. Let W = U\ U {p}, and suppose that {Vi}i^i is an open cover of cly W in 
Y. Let j G I be such that p G Vj, and let m < u> be such that U m U {p} C Vj. Now 
since each of cbxE/n\t/„+i is compact, a finite subset of {Vi}i S j covers clyW. □ 

Theorem 3.2. Let X be a locally compact non-compact metrizable space. Then 
\{£k{X)) consists of exactly those elements of X(£(X)) which are clopen in X*. 

Proof. We assume that X is non-separable. Assume the notations of Theorem ll.il 
Suppose that U = {U n } n<u , is an extension trace in X which generates Y G £k{X). 
By Lemma |3. 11 we may assume that c\xU n \U n +\ is compact for all n < uj. Since 
C\ n <uj U n = 0j we have cl^f/i = \J n <uj( c ^xUn\U n+1 ). But for each n < uj, {Xi\ ieI 
is an open cover of clxJ/nWn+ii an d therefore there exist finite subsets J n C I 
such that c\ x U n \U n+1 C U j£Jn Xj. Let J = J x U J 2 U • • • , and let M = \J ieJ X t . 
Then clearly U is also an extension trace in M, for which by the above lemma, the 
corresponding one-point metrizable extension of M is locally compact. Now since 
M is separable, by Theorem 15.51 of [9], P = {~\ n<u c\pMU n \M is a clopen subset of 
c\/3xM\M, which is itself a clopen subset of X* as M is clopen in X, and therefore 
it is a clopen subset of X* . We note that X(Y) = P. 

Now suppose that Z G X(£(X)) is clopen in X*. First we note that by Lemma 6.6 
of [9], we have Z\aX = mt C(T x{Z\aX) = 0, and therefore Z C aX. It follows from 
the latter that there exists a countable J C I such that Z C clpx{{J il£ j Xi). Let 
M = [J ie j X.- L . Now Z is a clopen subset of clgx-^\-^, and since M is separable, 
it follows from Theorem l5.6l of [9] and Lemma |3~T1 that Z — C\ n<LU (d-i3MU n \M), for 
some extension trace U = {U n } n<UJ in M for which clMU n \U n +i is compact for each 
n < uj. But U is an extension trace in X, and since c\xU n \U n +i = c\MU n \U n +i is 
compact, its corresponding one-point metrizable extension of X, denoted by Y, is 
locally compact. Now we note that Z = X(Y). □ 

The following lemma is implicit in the proof of Theorem 13.21 

Lemma 3.3. Let X be a locally compact non-separable metrizable space. Assume 
the notations of Theorem \ 1 . 1\ Then for each countable J C / , we have (U e / Xi)* G 
X(£(X)). 

Lemma 3.4. Suppose that X is a locally compact non-compact metrizable space 
and let Z e X(£(X)). If S G Z(X*) is such that CZ, then S G X(£(X)). 

Proof. Let T G ZifiX) be such that S = T\X. Now S = ZDT misses X, and thus 
by Theorem EH S G X(£(X)). □ 

The following theorem gives another characterization of the image of £k(X) 
under A. 

Theorem 3.5. Let X be a locally compact non- compact metrizable space. Then 
X(£k(X)) consists of exactly those non-empty zero-sets of X* which are of the form 
X*\c\px{Z{ f)), where f G C(X, I) is of a -compact support. 
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Proof. Suppose that S G X(£ K (X)). Then since {clp X Z\X : Z G Z(X)} forms 
a base for closed subsets of X*, there exists a collection C of zero-sets of X such 
that S — [J{X*\c\px Z '■ Z G C}. Since S is compact, there exists a finite number 
of zero-sets Zi, ...,Z n such that S = [Ji=i(X*\clpx Zi) = X*\c\pxZ, where Z — 
Zin---HZ n G Z{X). Let Z = Z(f), for some / G C(X, I). If X is separable, then 
trivially supp(/) is cr-compact. So suppose that X is non-separable and assume the 
notations of Theorem ll.il Let L — {i G I : Coz(f) n Xj ^ 0}. Then there exists a 
zero-set T G such that T C Coz(f) and for each i G L, TnXi ^ 0. Now since 

THZ(f) = 0, we have cl^Tncl^xZC/) = 0, and therefore cl^T C cl px Z(f). 
But 5 is a clopen subset of X*, and so by Lemma 6.6 of [9], S C <tX. This 
implies that cl^x? 1 C dpx Xi), for some countable J C I. It follows that 
T C lJ- g jXi, and therefore L is countable. Now clearly supp(/), being a closed 
subset of the separable space [J ieJ Xi, is cr-compact (see I3.8I C of [7]). 

Conversely, suppose that ^ S G Z(X*) is of the form X*\c\p X (Z(f)), for some 
/ G C(X, I) of cr-compact support. If X is separable then clearly S, being a clopen 
subset of X* , is in A(£ff(X)). Suppose that X is non-separable. Then by definition 
of o~X, since supp(/) is cr-compact, we have S C cl^jf (supp(/)) C crX, and therefore 
S 1 C clpx (U e j ^i)) for some countable JCJ. Thus 5 G \{£ K {X)). □ 

In the following theorem, assuming [CH], we give a purely order-theoretic de- 
scription of £k(X) as a subset of £(X). 

Theorem 3.6. [CH] Let X be a locally compact non-separable metrizable space. 
For a set T C £{X) consider the following conditions. 

(1) For each A G T, \{Y G : F > A}| < Hi; 

(2) If A £ £{X) is such that \{Y G : F > A}| < Hi, then there exists a 
B G T such that B < A; 

(3) For each A, B £ J- such that A < B, there exists a C G J- such that 
B A C = A and B and C have no common upper bound in £{X). 

Then the set £k(X) is the largest (with respect to set-theoretic inclusion) subset of 
£{X) satisfying the above three conditions. 

Proof. First we verify that £k(X) satisfies the above conditions. To show that 
condition (1) is satisfied, let A G £k(X). Then we have X(A) C aX (see Lemma 
6.6 of [9]) and therefore, assuming the notations of Theorem ll.il X(A) C clpxM, 
where M = \J ieG Xi, for some countable G C I. Now if Y G £{X) is such that 
Y > A, then X(Y) is a zero-set in clpxM. But \Z(cli3xM)\ < Hi, as M is separable, 
and thus condition (1) holds. 

Now we show that £k (X) satisfies condition (2). So suppose that A G £ (X) is 
such that \{Y G £{X) : Y > A}\ < Ni. First we show that X(A) C aX. Suppose 
the contrary, and let V = {V n } n<u be an extension trace in X which generates A. 
For each n < ui, let H n = {i e I : V n D X { ^ 0}. Then since we are assuming that 
X(A)\aX ^ 0, each H n is an uncountable subset of /. We consider the following 
two cases. 

Case 1) Suppose that f] n<u H n is uncountable. Let K C f] n<0J H n , with \K\ = 
Hi. For each non-empty L C K and each n < uj let 

W Z= (\J Xi ) nVn - 
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Then each Wl = {W£} n <cj is an extension trace in X finer than V, and Wz,j 
and Wl 2 are non-equivalent for distinct non-empty Li,L 2 C K. But this is a 
contradiction, as by our assumption the number of these extension traces cannot 
be greater than Hi. 

Case 2) Suppose that f] n<u H n is countable. We define a sequence {k n } n<UJ 
of positive integers as follows. Let k\ = 1. Then since Hi D H% D • • • and H^ 
is uncountable, arguing inductively there exists a sequence fci < k 2 < ■ ■ ■ with 
Hk n \Hk n+1 being uncountable for each n < oj. We may assume that H n \H n+ i 
is uncountable for each n < lj. Suppose that \K\ = Hi, and let for each n < lj, 
K n C H n \H n+ i be such = Hi. We use K as an index set to (faithfully) index 
the elements of K n . Thus K n = {kf : i G K}. For each non-empty L <Z K and 
each n < lj let L n = {kf : i G L}, and define 

W£ = \J{V n ni, :! eL„u L n+ i u • • • }. 

Then each Wl = {W£} n<ul is an extension trace in X finer than V, and they are 
non-equivalent for distinct non-empty Li,L 2 C if. But this is again a contradiction. 

Therefore A (A) C and we can assume that A(A) C P* properly, where 
p = \Ji£H X h and H C 7 is countable. Let A(B) = P*. Then P e £ K {X) and 
B <A. Thus satisfies condition (2). 

Next, to show that £k{X) satisfies condition (3), suppose that A,B £ £k{X) 
are such that A < B. Let C G £ K (X) be such that A(C) = A(A)\A(P). Then 
clearly P A C = A and thus condition (3) holds for £k{X). 

Now suppose that a set T C £ (X) satisfies conditions (l)-(3). Let 4 e J. 
Then by condition (1), {F G : Y > A}\ < Hi. Arguing as above we have 

X(A) C crX. Let A(A) C Q*, where Q = \J ieJ Xi and J C 7 is countable. Let 
P G £{X) be such that A(P) = Q*. Then since |{F G £(X) : Y > B}\ < Hi, 
using condition (2), there exists a C G T such that C < P. Therefore C < A, 
and so by condition (3), there exists a D G J 7 such that iAD = C and A and 
P have no common upper bound in £ (X). Therefore \(A) (1 A(P) = 0. Suppose 
that x G A(P)\(A(A) U A(P)). Let / G C(/3X,I) be such that f(x) = 1 and 
f(\(A) U A(P)) = {0}. Let S = Z(f) n A(C). Then since C < A, S ^ 0, and 
therefore 5 = A(P), for some E G £{X). Clearly since X(A) C S, we have E < A. 
But A(P) C and C < D, therefore A(P) C S, and thus E < D. This 

combined with E < A implies that E < C. But ir G A(P) C A(C) and x £ S. This 
contradiction shows that X(B)\X(A) C A(P). Finally, we note that by the above 
inclusion A(P)\A(P) C A(A), and conversely, if x G A(A), then since B < A, and 
A(A)nA(P) = 0, we have x G A(P)\A(P). Therefore A(A) = A(P)\A(P), and thus 
A(A) is clopen in X*. This shows that A G £k{X), and therefore J 7 C £ K (X), 
which together with the first part of the proof, establishes the theorem. □ 

Theorem 3.7. Let X be a locally compact non-compact metrizable space. Then 
£k(X) and £(X) are never order-isomorphic. 

Proof. Case 1 ) Suppose that X is separable. Suppose that £k(X) is order-isomorphic 
to £(X), and let ip : X(£k{X)) — > X(£(X)) denote an order-isomorphism. First we 
show that X(£k{X)) = X(£(X)), from which it follows that every non-empty zero- 
set of X* is clopen in X* , and therefore X* is a P-space. By Proposition 1.65 of [16] 
every pseudocompact P-space is finite, thus X* is finite. By 4C of [16], the Stone- 
Cech remainder of a non-pseudocompact space has at least 2 2 points. Therefore 
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X is pseudocompact and being metrizable it is compact. But this is a contradic- 
tion. Now let X'/Ze A(£(X)). Let A = where A e A(£k(X)). 
If ip(A) DZ ^ 0, then there exists a B G X(£ K (X)) such that ?A(B) = ip(A) n Z. 
But such a .B necessarily has non-empty intersection with one of i\i~ x (Z^) or A. 
Now since ip is an order-isomorphism, it is easy to see that in either case we get 
a contradiction. Therefore ip(A) n Z = 0. If 0(A) UZ^I*, then there exists 
an ^ iJ 6 Z{X*) with iJ n (?A(A) U Z) = 0. Let G G A(£ K pf)) be such that 
■0(G) = ff, then again we get a contradiction, as G intersects one of ip~ 1 (Z) or A. 
Therefore ^(A) U Z = X\ and thus Z = X*\ip(A), i.e., Z E X(£ K (X)). 

Case 2) Suppose that X is non-separable. Suppose to the contrary that £k(X) 
and £(X) are order-isomorphic and let : £k(X) — > £(X) denote an order- 
isomorphism. Since X is non-separable, there exists a sequence {Y n } n<LJ in £(X) 
such that Y% < Y2 < ■■■■ Consider T = {X(Y n )} n <ui- Then T has the f.i.p., 
and therefore Z = [\T G X(£(X)). Let Z = A(Y), for some Y E £{X). Clearly 
Y = \l n<UJ Y n . Let for each n < w, 0(5 n ) = Y n and 0(5) = Y. Then Si < 5 2 < 
■■■ < S. For each n < u, let A(5„)\A(5) = A(T„), for some T„ G £ K (X). Now 
since the sequence {S n } n<UJ is increasing, the sequence {X(T n )} n<U! and equiva- 
lently the sequence {<j>{T n )}n<u is also increasing, and thus Vn<ui ^(^ti) £ 
Let T G £*:P0 be such that 0(T) = V ' n<u] 0(T„) . Let A G £*rp0 be such that 
A(A) = A(5)UA(T). Now for each n<co,T>T n , and thus X(A) C A(5)UA(T„) = 
A(5„), i.e., for each n < w, we have A > 5 n , or equivalently, 0(A) > 0(5 n ) = Y n . 
Therefore 4>{A) > Y = 0(5) and A > 5. Thus T > 5. But T > T u which is a 
contradiction as X(T{) n A(5) =0. □ 

Lemma 3.8. Le< X be a locally compact non-separable metrizable space. If =/= 
Z E Z(PX) then Z D aX ^ 0. 

Proof. Suppose that {x n } n<CJ is an infinite sequence in aX. Then using the no- 
tations of Theorem II. II there exists a countable J C I such that {x n } n<u: C 
cl/3x(UieJ -^*)' anc ^ therefore it has a limit point in aX. Thus aX is countably 
compact and therefore, pseudocompact, and v{aX) — (3(crX) = f3X. The result 
now follows as for any Tychonoff space T, any non-empty zero-set of vT intersects 
T (see Lemma HUff) of I 14 ])- D 

Lemma 3.9. Let X be a locally compact non-separable metrizable space. If =/= 
Z E Z(X*) then Z^aX^%. 

Proof. Let 5 E Z(j3X) be such that Z = S\X. By the above lemma 5 n aX ^ 0. 
Suppose that 5 n (aX\X) = 0. Then 5 n crX = STlI. Assume the notations 
of Theorem O and let L = {i E I : S D X % ^ 0}. Since 5 n (aX\X) = 0, it 
follows that L is finite. We define a function / : (3X — > I such that it equals to 1 
on c\px{{J ie L Xi), and it is otherwise. Clearly / is continuous. Since Z(f) n 5 E 
Z(/3X) misses aX, by the above lemma, Z(f) n 5 = 0. But since C £(/), 

we have Z = 5 n (f3X\aX) C 5 n = 0, which is a contradiction. Therefore 
z n (aX\X) = s n (cxX\X) ^ 0. □ 

Lemma 3.10. Let X be a locally compact non-separable metrizable space and let 
S,T E Z(X*). If S D aX CTn aX then 5 C T. 

Proof. Suppose that S\T ± 0. Let x E S\T and let / E C{/3X, I) be such that 
f{x) = and f(T) = {!}. Then Z(f) n 5 E Z(X*) is non-empty and therefore by 
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Lemma [3^1 Z(f) n S fl aX ± 0. But this is impossible as we have Z(f)nSnaX C 



Theorem 3.11. Let X be a non-compact metrizable space. Then £(X) has a 
minimum if and only if X is locally compact and separable. 

Proof. Suppose that Y = X U {p} is the minimum in £(X). If X is not locally 
compact, then there exists ani£l such that for every open neighborhood U of x 
in X, c\xU is not compact. Let U and W be disjoint open neighborhoods of x and 
p in Y, respectively. Since c\ x U is not compact, there exists a discrete sequence 
{Vn}n<uj of non-empty open (in clxU) subsets of X , which are faithfully indexed. 
Consider T = {V n PI U} n<LJ . Then J 7 is a discrete sequence of non-empty open 
subsets of X. For each n < to, let A n be a non-empty open subset of X such that 
c\xA n C V5, H f/. For each n < w we form a sequence {-B^ }fe<tj of non-empty open 
subset of X such that ^4„ D B™, and D clx-E>£ +1 for each fc < u. Let m<wbc 
such that B(p, 1/m) C W, and for each n < lo define 



Let for each n < ui, D n = C n U E n . Then since {B*}k<u is discrete, we have 
&xD n+ i C D„, and Dn<w ^™ = ^- e -' ^ = {-^n}n<w forms an extension trace in 
X. Since C = {C n } n<w is an extension trace in X generating Y, by Theorem 13.51 
of [9], V is finer than C, and therefore there exists a k < ui such that C Ci. 
But this is a contradiction, as Ci C "M^ and Dfc n U ^ 0. Therefore X is locally 
compact. 

Suppose that X is not separable. Since £ (X) has a minimum, X(£ (X)) has 
a maximum. Let S denote the maximum of X(£ (X)). Assume the notations of 
Theorem 11.11 Now since for each countable J C J, ({J ie 7 Xij* C £, we have 
<rX\X C S, and therefore by Lemma [3.101 (with 5 and X* being the zero-sets) we 
have S = X*, which is a contradiction, as X is not <7-compact (see IB of [16]). 
Thus X is locally compact and separable. 

The converse is clear, as in this case, the one-point compactification of X is the 
minimum. □ 

By replacing £(X) by £k(X) in the last part of the above proof we obtain the 
following result. 

Theorem 3.12. Let X be a locally compact non- separable metrizable space. Then 
£k(X) has no minimum. 

In the next result we show that when X is a zero-dimensional locally compact 
metrizable space, £k(X) is a cofinal subset of £(X). For this purpose we need the 
following proposition, stated in Lemma 1 15. 171 of [6]. 

Proposition 3.13. Let X be a locally compact space, let F be a nowhere dense 
subset of X , and let Z be a non-empty zero-set of f3X which misses X. Then we 
have 



Theorem 3.14. Let X be a zero- dimensional locally compact non-separable metriz- 
able space. Then for each Y £ £{X), there exists an S 6 £k{X) such that S >Y . 
In other words, £k(X) is a cofinal subset of £{X). Furthermore, there is no such 



z(/)nr = 0. 



□ 
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greatest S, (in fact there are at least 2^° mutually incomparable elements of £k(X) 
greater than Y) and ifY is not locally compact, there is no such least S. 

Proof. Suppose that Y G £(X), and let Z — X(Y). By Proposition 13.131 we have 
vatx*Z 7^ 0. Now since X is strongly zero-dimensional, (see Theorem 6 12. ID of [7]) 
there exists a clopen subset V of (3X such that ^ V\X C Z. Let S G £k(X) 
be such that X(S) = V n Z = V\X. Then S > Y. Now since V n X is non- 
compact, there exists a discrete family {U n } n < u of non-empty open subsets of 

V (~\ X. Since X is locally compact and zero-dimensional, we may assume that 
each U n is compact. Let u — Ut<2 N o Xt be a partition of w into almost disjoint 
infinite sets. Let for t < 2"°, A t — UneJV U n - Then each A t is a clopen subsets 
of X and cl^jc^s H cl^xA C X, for s ^ i. Let Si 6 be such that A(S t ) = 
clp X A t n Z = A* t C VAX Clearly S* t > S, for each < < 2 N °, and they are mutually 
incomparable for s ^ t. 

Now suppose that Y is not locally compact. Then Z is not clopen in X* and 
therefore V\X ^ Z. By Proposition I3T31 we have int x * (^\V) ^ 0. Let U be a 
clopen subset of (iX such that ^ C/\X C Z\V. Then (U UV)\X C Z is clopen 
in X* and properly contains X(S). □ 

Theorem 3.15. Let X be a zero- dimensional locally compact non-compact metriz- 
able space and let S,T S £(X). Then S > T if and only if for every Y G £k{X), 
ifY > S then Y >T. 

Proof. One implication is trivial. Suppose that for every Y G £k (X), Y > S implies 

Y > T. If X(S)\X(T) ^ 0, then there exists an A G Z{[3X) such that A n X{S) ^ 
and A n A(T) = 0. Now by Proposition |3~T31 we have int x *{A n A(5)) ^ 0, 
and thus there exists a clopen subset V of (3X such that ^ V\X C An X(S). 
Let y G £ K {X) be such that X(Y) = V\X. Then F > S, and therefore by 
our assumptions Y > T. But X(Y) n A(T) = 0, which is a contradiction. Thus 
A(S)\A(T) = and S >T. □ 

Corollary 3.16. Le£ X be a zero- dimensional locally compact non-compact metriz- 
able space. Then for any S G £ (X) we have 

S = /\{Y e£ K (X):Y>S}. 

In the next two theorems we investigate the question of existence of greatest 
lower bounds and least upper bounds for arbitrary subsets of £k(X) and £{X). 

Lemma 3.17. Let X be a zero- dimensional locally compact non-compact metrizable 
space and let ^ Z G Z{X*). Then the following conditions are equivalent. 

(1) Z G X{£{X)); 

(2) There exists an extension trace {V n } n < u in X , consisting of clopen subsets 
of X , such that Z = f] n<u} V*. 

Proof. That (2) implies (1) is trivial. (1) implies (2). Let {U n } n<UJ be an extension 
trace in X such that Z = f] n<u U*. Since X is strongly zero-dimensional, (see 
Theorem 6 J2.1D of [7]) and for each n < uj, clxt^„+i and X\U n are completely 
separated in X, by Lemma 6 12.21 of [7], there exists a clopen subset V n of X such 
that clxt/n+i C V n C U n . Clearly now {V n } n<UJ forms an extension trace in X 
which satisfies our requirements. □ 
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A Boolean algebra is said to be Cantor separable if no strictly increasing sequence 
has a least upper bound (see 12. 2D of [16]). Proposition I2.2B of [16] states that the 
Boolean algebra of clopen subsets of a totally disconnected compact space without 
isolated points, in which every zero-set is regular-closed, is Cantor separable. This 
will be used in the following theorem. 

Theorem 3.18. Let X be a locally compact non-compact metrizable space. Then 
the following hold. 

(1) For Y\,Y-i £ £k{X), Y\,Y 2 may not have any common upper bound in 
£k{X); 

(2) For any Yi, . . . ,Y n £ £k(X) which have a common upper bound in £k(X), 
V2=i Yi exists in £k{X); 

(3) For a sequence {Y n } n < u in £k{X) which has an upper bound in £x(X), 
\J n<UJ Y n may not exists in £k{X). In fact, if we assume X to be moreover 
zero- dimensional, then for any sequence {Y n } n<UJ in£x{X) withY\ < Y-x < 
•••> {Y n } n <u has an upper bound in £k{X) but \/ n<UJ Y n does not exists 
in £k(X); 

(4) For any Y u . . . ,Y n £ £ K (X), A"=i *5 exists m £ K {X); 

(5) For any sequence {Y n } n<L0 in £k(X), {Y n } n<u] has a lower bound in £k{X); 

(6) For a sequence {Y n } n<u in £k{X), f\ n<bJ Y n may not exists in £k(X). 
In fact, if we assume X to be moreover zero- dimensional, then for any 
sequence {Y n } n<u in £k{X) such that Y\ > Y 2 > • • 4 > An<w ^™ does not 
exist in £k(X); 

(7) An uncountable family of elements of £k(X) may not have any common 
lower bound in £k{X). In fact, if we assume X to be moreover non- 
separable and zero- dimensional, then there exists a subset of £k{X) of car- 
dinality Hi, with no common lower bound in £k{X). 

Proof. (1), (2) and (4) are straightforward. 3) Suppose that X is zero-dimensional 
and let {Y n } n<u] be a sequence in £k{X) such that Y\ < Y 2 < ■ ■ ■ . Since the se- 
quence {\(Y n )} n<UJ is decreasing, it has the f.i.p., and therefore S — f] n<u A(F„) £ 
X(£(X)). Now Proposition 13. 131 implies that mtx*S ^ 0. But since X is strongly 
zero-dimensional (see Theorem 6 12. ID of [7]) there exists a non-empty clopen sub- 
set U of X* such that U C S. Let A £ £ K (X) be such that X(A) = U. Then 
clearly A is an upper bound for {Y n } n<u in £k{X). Now suppose that \J ' n<UJ Y n 
exists in £r{X) and let Y = \l n<u Y n . Consider the family {X(Y n )\X(Y)} n<UJ of 
non-empty decreasing clopen subsets of X* . Let T — C\ n<UJ H^ri)\X(Y) ^ 0. Then 
by Proposition 13. 131 we have mtx*T ^ 0. Let V be a non-empty clopen subset of 
X* such that V C T. Let X(B) = V U X(Y), for some B £ £ K (X). Then since 
for any n < co, V C T C A(Y^), B is an upper bound for {Y n } n <ui, and therefore 
B > Y. Thus V C X(B) C X(Y). But this is a contradiction asVCTC X*\X(Y). 

5) We assume that X is non-separable. Let {Y n } n<LLl be a sequence in £k(X). 
Then for each n < to, by Lemma 6.6 of [9], we have X(Y n ) C aX\X. Assuming 
the notations of Theorem 11.11 it follows that there exists a countable J C I such 
that for each n < u, X(Y n ) C M* , where M = \J ieJ X t . Let X(Y) = M* , for some 
Y £ £k{X). Then clearly Y is a lower bound for the sequence {Y n } n<UJ . 

6) Suppose that X is zero-dimensional and let {Y n } n<0J be a sequence in £k{X) 
with Y\ > Y2 > ■ • ■ . Suppose that Y = /\ n<u Y n exists in £k(X). First we assume 
that X is separable and verify that A* is a totally disconnected compact space 
without isolated points in which every zero-set is regular-closed. 
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Clearly A* is totally disconnected, as it is zero-dimensional (see Theorem 6 12. ID 
of [7]). Since A is Lindelof, bv !3.8I C of [7], it is cr-compact. By Remark 1 14. IF of [6], 
the Stone-Cech remainder of any zero-dimensional locally compact cr-compact space 
has no isolated points. Therefore X* does not have any isolated points. Finally, X 
being Lindelof is realcompact. By Theorem 1 15. 181 of [6], any zero-set of the Stone- 
Cech remainder of a locally compact realcompact space is regular-closed, therefore, 
every zero-set in X* is regular-closed. Now since A(Yi) C AQ^) C • • - C X(Y) 
(properly), Proposition I2.2B of [16] implies the existence of an S £ B(X*) such 
that X(Y n ) CSC X{Y) (properly), for each n < uj. Let A £ £x(X) be such that 
X(A) = S. Then clearly A is a lower bound for the sequence {Y n } n<u but A > Y. 
This contradiction proves our theorem in this case. 

Now suppose that X is non-separable. By Lemma 6.6 of [9], we have X(Y) C 
aX\X and X(Y n ) C aX\X, for any n < u. Assume the notations of Theorem ll.il 
Then X(Y) C M* and X(Y n ) C M* , for any n <lu, where M = U ieJ Xi and J C I 
is countable. Then since clpxM ~ (3M and M is separable, the problem reduces 
to the case we considered above. 

7) Let X be zero-dimensional. Assume the notations of Theorem ll.il Let J £ I 
be such that \J\ — Ki, and let {Jk : fc < u>i} be a partition of J into mutually 
disjoint subsets with \Jk\ = Ho, for any k < w\. For any k < let Y). G £k(X) 
be such that A(Yfc) = (UiGJ fc ^)*- ^ e c l a i m that the family J 7 = {Yfc}fc< wi has 
no lower bound in Ek{X). Suppose the contrary, and let Y £ £k(X) be a lower 
bound for T . By Lemma 13.161 there exists an extension trace U = {U n } n<LJ in X 
generating Y, such that each U n is a clopen subsets of X. By Lemma [3.11 there 
exists an m < u) such that U n \U n +i is compact, for all n > m. We may assume 
that m = 1. Let k < UJ\. Then 

( (J Xi)* = KYk) C A(F) = f| C/* C [/* 

and therefore 

( |J A,) C clpxUx U A = cl^xC/x U |J A,. 

Now since Ux is clopen in A, cl^xC^i is clopen in (3X, and therefore there exists a 
finite set C / such that 

cl /3X ( (J A,) C clpxUx U [J A 4 C cl^(c/ x U |J X t ). 

ie.Jk i&L k i£L k 

But Ui U UieL fc ^ i s c l°P en m A, and thus 

(J Xi C (7! U y A,. 

Let for any fc < oji, £ Jk\Lk. Then Xi k C U%, and therefore IJ{Ai fc : k < uji} 
being a closed subset of the cr-compact set Ui = \J n<u {U n \U n+ i) is Lindelof. But 
this is clearly a contradiction. This completes the proof. □ 

The following is a counterpart of the above theorem, which deals with the subsets 
of£(A). 

Theorem 3.19. Let X be a locally compact non-compact metrizable space. Then 
the following hold. 
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(1) For Yi, Y2 G £(X), Yi, Yi may not have any common upper bound in £{X); 

(2) For any sequence {Y n } n<UJ in £{X), if {Y n } n<UJ has an upper bound in 
£{X), then Vn<w exists in £{X); 

(3) For anyY!,...,Y n e £{X), A"=i *i exists in £{X); 

(4) A sequence {Y n } n<UJ in £{X) may not have any lower bound in £{X). In 
fact, if we moreover assume that w(X) > 2 N °, then there exists a sequence 
{Y n } n <uj in £{X) which does not have any lower bound in £{X). 

(5) A sequence {Y n } n<UJ in £(X) which has a lower bound in £{X), may not 
have a greatest lower bound in £{X). 

Proof. (l)-(3) are straightforward. 4) Let A denote the set of all increasing (i.e., 
f{ri) < fi n + 1)) f° r an Y n < co) functions / : ui — > u> which are not eventually 
constant. We first check that |A| = 2 N °. To show this, let for each g G {0,1}" 
which is not eventually constant, f g : uj — > ui be defined by f g (n) — n + g(n), 
for any n < u>. Then clearly since for distinct g,h G {0,1}", f g ^ fh, we have 
I A| > 2 K ° . It is clear that |A| < 2 H °. Assume the notations of Theorem ITTT1 Since 
w(X) — \I\ > 2^°, for simplicity we may assume that IDA. For any n,k < w, let 

UJt = (J { X f ■ f e A and f(k) < n) 

and let U n = {U£}k<u>- We verify that U n is an extension trace in X. By the 
way we defined UJ} and since / is increasing we have UJ} +1 C U£. Suppose that 
f] k<u Uk 7^ 0, and let x G C\k<ui UJ?. Since for any k < u, x G U£, by definition of 
U£, there exists an G A such that /fe(fc) < n and .x G X^. But since the family 
{Xi}i G / is faithfully indexed and X; n Xj = 0, for distinct i,j G /, we obtain that 
/1 = /z = . . . = h. Now for any fc < w, we have h(k) = /fe(fe) < n, which implies 
h to be eventually constant, which is a contradiction. Therefore f] k<UJ ^fe = ^ an< ^ 
each U n is an extension traces in X. Let for any n < ui, Y n G £(X) be generated 
by U n . We claim that {Y n } n<LJ has no lower bound in £{X). So suppose to the 
contrary that Y G £{X) is such that Y < Y n , for any n < u>. Let U — {U n } n<UJ be 
an extension trace in X which generates Y. Since for any n < (J, we are assuming 
Y < Y n , by Theorem 13.51 of [9], W„ is finer than U. For any n,i < u, let kf < to be 
such that [/£„ C [Tn- We can also assume that k ™ < k% < k"§ < • • • , for any n < w. 
We define a function g : to — > u> as follows. 

Let g(i) = 1 for i = 1, . . . , k\ , where t\ — 1. Inductively assume that for n < u>, 
t\ < ■ ■ ■ < t n are defined in such a way that 

g(i) = to, for i = fc™"! + !>•-•> an< ^ m = 1> • • • > rl - 

Now since k" +1 < k% +1 < k^ +1 < • • • , there exists at<w such that fc" +1 > fc" re 
and t > t n . Let t n +i = t and define 

g(i) =n + l, for » = fc™ + 1, . . . , . 

Consider the function 17 : £j — > uj. Clearly g G A and since for any rt < w, ) = ?i 
we have X s C J7^„ . But since the sequence {t n } n<UJ is increasing, t n > n, and 
therefore fc™ > fc"!"Thus C/^„ C Ufa, which combined with the fact that Ufa C {/„ 
implies that X s C f/„, for any n <oj. But this is a contradiction, as H n <w ^« = 0- 
5) Let X be non-separable and let {Y n } n<UJ be a sequence in £k{X) such that 
Yi > Y2 > ■ ■ ■ ■ By part (5) of Theorem l3.18l {Y n } n<ul has a lower bound in £{X). 
Suppose that A — f\ n<LU Y n exists in £(X). Then since for each n < u, Y n > A, 
we have \{A)\\(Y n ) ^ 0, and therefore S = f] n< JK A )\H Y n)) G A(f (X)). By 
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Proposition I3.13[ there exists a non-empty open subset U of X* with U C S. 
Let x € U and let / G C(X*,I) be such that f(x) = 1 and f(X*\U) C {0}. 
Let T = n Clearly for each n < u, X(Y n ) C X*\E7 C £(/), and 

therefore A(F„) C T. Let V E be such that X{Y) = T. Then since for each 

n < to, Y < Y n , we have Y < A. But since x E f/ C A(A), this implies that 
a; E A(Y) C Z(f), which is a contradiction. □ 

Our final result of this section deals with the cardinalities of cofinal subsets of 
£{X). 

Theorem 3.20. Let X be a locally compact non-separable metrizable space and let 
T C £{X). If for each Y E £{X) there exists an A E T such that A <Y, (A > Y, 
respectively) then J- is uncountable. 

Proof. Suppose that for each Y E £{X) there exists an A E T such that A < Y. 
Suppose that T = [Y n } n<UJ . Let for each n < u, S n = X(Y n ). Then by Lemma 
6.6 of [9], mt ca x(S n \aX) = 0. Now since caX is compact, by the Baire Category 
Theorem we have int co -x(U«<w S n \o~X) = 0, and therefore caX\ \J n<LU S n ^ 0. Let 
x E caX\ \J n<ul S n . Then since for each n < w, x S n , there exists a Z n E Z(/3X) 
such that i£Z„ and Z„ n5„ = 0. Let Z = f] n<u Z n . Then since Z\X £ Z(X*) is 
non-empty, by Lemma l3~9l we have Zn(crX\X) ^ 0. Therefore, using the notations 
of ThcorcmO for some countable J C /, T = Z n (U ieJ ^)* # 0- Let F E f (X) 
be such that A(Y") = T. By assumption, F > Yk, for some fc < u>. Therefore 
S k = X(Y k ) 2 A(F) = T. But TC\S k = 0, which is a contradiction. 

To show the second part of the theorem, let for each i E /, Yj E £ (X) be such 
that A(Yi) = X*. Let E J 7 be such that Aj > F. Then clearly since for i ^ j, 
X* n X* = 0, we have \F\ > \{A % : i E 7}| = |/| = □ 

4. The relationship between the order structure of the set £k{X) 
and the topology of subspaces of /3x\x 

In Theorem 15.71 of [9] the authors proved that for locally compact separable 
metrizable spaces X and Y whose Stone-Cech remainders are zero-dimensional, 
£k(X) and £k(Y) are order-isomorphic if and only if X* and Y* are homeomorphic. 
In this section we generalize this result to the case when X and Y are not separable. 

Theorem 4.1. Let X and Y be zero- dimensional locally compact non-separable 
metrizable spaces and let cuaX = aXL){£l} and uaY = aYU{tt'} be the one-point 
compactifications of aX and oY , respectively. If £k(X) and £^{Y) are order- 
isomorphic then luo~X\X and luo~Y\Y are homeomorphic. 

Proof. Let <fi : £k(X) — > £k(Y) be an order-isomorphism and let g = Ay^A^ 1 : 
X x (£k(X)) -> Xy(£ K (Y)). We define a function G : B(uaX\X) -> B{waY\Y) 
between the two Boolean algebras of clopen sets, and verify that it is an order- 
isomorphism. 

Set G(0) = and G(coaX\X) = cuaY\Y. Let U E B(coaX\X). If U ^ and 
fl ^ U, then [/ is an open subset of aX\X, and therefore an open subset of X*. 
Assuming the notations of Theorem 11.11 there exists a countable JCI such that 
U C (Ui e j and thus [/ E X x {£k{X)). In this case we let G(£7) = g(J7). If 
U ^ coaX\X and (let/, then (wcrX\X)\C/ E Ax(^k(X)) and we let G(U) = 
(LuaY\Y)\g((uaX\X)\U). 
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To show that G is an order-homomorphism, let U,V £ B(ujaX\X) with U C V. 
We may assume that U ^ and V ^ uiaX\X. We consider the following three 
cases. 

Case l)TfQ<£V, then clearly G(U) = g(U) C gr(V) = G(V). 

Case g) Suppose that O £ f7 and O G V. If G(J7)\G(V) ^ then T = c/(C7) n 
3 ((wcrX\X)\V r ) ^ and therefore T £ X Y {S K {Y)). Let S £ X X {£ K {X)) be 
such that g(S) = T. Then since g is an order-isomorphism, we have S C U PI 
((wcrX\X)\y) = 0, which is a contradiction. Therefore G(C7) C G(V). 

Case Sj If fi e U, then since (cjo-X\X)\V C (uaX\X)\U we have 

G(£f) = (uaY\Y)\g((uj<7X\X)\U) C (wcjy\r)Vg((wcrX\X)\V r ) = G(V). 

This shows that G is an order-homomorphism. 

To complete the proof we note that since <\T X : £k(Y) — > £jc(X) is also an 
order-isomorphism, if we denote h — Xx<f> _1 Ay , then arguing as above, h induces 
an order-homomorphism H : B(uj<jY\Y) B(luijX\X) which is easy to see that 
H = G-\ 

To see that ujctX\X is zero-dimensional, we note that since X is zero-dimensional 
locally compact metrizable, it is strongly zero-dimensional (see Theorem 6 12. ID of 
[7]) i.e., fiX is zero-dimensional. Thus aX is also zero-dimensional. But the one- 
point compactification of a locally compact non-compact zero-dimensional space 
is again zero-dimensional, therefore uaX and thus uj<tX\X is zero-dimensional. 
Similarly uiaY\Y is also zero-dimensional, and thus, they are homeomorphic by 
Stone Duality. □ 

The following provides a converse to the above theorem under some weight re- 
strictions. Note that here we are not assuming X and Y to be necessarily zero- 
dimensional. 

Theorem 4.2. Let X and Y be locally compact non-separable metrizable spaces. 
Suppose moreover, that at least one of X and Y has weight greater than 2 N ° . Then if 
u>aX\X and u>aY\Y are homeomorphic, £k{X) and £k(Y) are order-isomorphic. 

Proof. Without any loss of generality we may assume that w(X) > 2 N °. Suppose 
that / : (aX\X) U {£1} — > (aY\Y) U {0'} is a homeomorphism. First we show that 
/(fi) = fi'. 

Suppose that /(fi) = p, where p £ crY\Y. Suppose that K is a countable 
subset of J such that p £ cl^y (lJ - eK Yi), where Y = i6<7 Yl, with each Y{ being a 
separable non-compact subspace. Then V — (\J ieK Yi)* is an open neighborhood 
of p in (aY\Y) U {O'}, and therefore, there exists a neighborhood W of il in 
(aX\X) U {fl} such that f(W) C V. Clearly we may choose W to be of the form 

W = ((aX\X) U {0})\cl^ ( |J X^j 

for some countable L £ I (with the notations of Theorem II. ip . Let M — [J ieK Yi. 
Then since M is separable we have ly(cLjyM) < 2 N °. Now {X* : i £ I\L} is a 
collection of non-empty mutually disjoint open subsets of W, and thus w(W) > 
\I\ = w(X) > 2 No . On the other hand w(W) = w(f(W)) < w{c\ pY M) < 2 K °. This 
contradiction shows that = 0,'. Therefore aX\X is homeomorphic to aY\Y. 

Now suppose that Z £ \x{£k{X)). Then by Lemma 6.6 of [9], we have Z C 
<tX\X, and thus there exists a countable set A £ I such that Z C clpxP, where 
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P = \J ieA Xi. But since P* is clopen in aX\X, f(P*) is clopen in <tY\Y, and 
since it is also compact, there exists a countable set B C J such that f(P*) C Q*, 
where G; = Uies But since Z is clopen in X* , /(Z) is clopen in oY\Y, and as 
f(Z) C Q*, it is also clopen in Q*, and thus clopen in Y* , i.e., /(Z) G Ay(£/<-(Y)). 
Now we define a function F : \ x {£k{X)) -4 Ay(£ir(Y)) by F(Z) = /(Z). The 
function F is clearly well-defined and it is an order-homomorphism. Since / _1 is 
also a homeomorphism which takes il' to fi, arguing as above, we can define a 
function G : X y (£k(Y)) -4 A x (£ifPO) by G(Z) = / _1 (Z), which is clearly the 
inverse of F. Thus F is an order-isomorphism. □ 

A compact zero-dimensional F-space of weight 2 N ° in which every non-empty 
G^-set has infinite interior, is called a Parovicenko space. It is well known that 
under [CH] a;* is the only Parovicenko space (Parovicenko Theorem, see Corollary 

I. 2.4 of [15]). 

The following theorem is proved (assuming [CH]) in [5], for the case when X is 
a discrete space of cardinality Hi. 

Theorem 4.3. [CH] Let X be a zero-dimensional locally compact metrizable space 
of weight Hi. Then we have 

(aX\X) U {fl} ~ uj*. 

Proof. We verify the assumptions of the Parovicenko Theorem. Let Y = (aX\X) U 
{57}. To show that Y is an F-space, let A and B be disjoint cozero-sets in Y. 
Suppose first that fi belong to one of A and B. Without any loss of generality we 
may assume that ft £ A. Then since Y\A € Z(Y), using the notations of Theorem 
H~T1 we have Y\A C M*, where M = \J ieJ Xi, and J C I is countable. Now M is 
(T-compact (seeEHC of [7]) and f3M\M ~ M* is an F-space, (see 1.62 of [16]) thus 
A (~l M* and B, being disjoint cozero-sets in M* , are completely separated in M*. 
But M* itself is clopen in Y, thus A and B are completely separated in Y. Suppose 
that fl does not belong to any of A and B. Then since A and £? are cozero-sets in 
Y, they are tr-compact, and therefore as A, B C crX\J , T, they are cozero-sets in P*, 
where P = {J ieK X i: for some countable K C J. But as above P* is an F-space, 
and ^4, P being completely separated in P* , are completely separated in Y. 

Next we show that Y is zero-dimensional of weight Hi. For each countable LCI, 
let Ql = \J i&L Xi. Then since Ql is separable, clpxQh has weight at most Hi. 
Now since Ql is strongly zero-dimensional, (see Theorem 6 I2.1D of [7]) by Theorem 

II. 11 15 of [7], we can choose a base Cl consisting of clopen subsets of Q* L (and 
therefore clopen in Y) such that \Cl\ < Hi. Let 

V = [J{C L : LCI is countable} U {y\cl,3 X G L : L C 7 is countable}. 

Then clearly I? forms a base consisting of clopen subsets of Y, and therefore Y is 
zero-dimensional of weight w(Y) < Hi. But -{W*}^/ is a set consisting of disjoint 
non-empty open sets of Y, which shows that w(Y) = Hi. 

Finally, let G be a non-empty G^-set in Y. First suppose that f2 ^ G, and let 
717 = U iG j Xi be such that G n M* ± 0, for some countable J CI. Now G H M* is 
a non-empty G^-set in M* ~ j3M\M. Theorem 1.2.5 of [15] states that each non- 
empty G^-set in the Stone-Cech remainder of a locally compact er-compact space 
has infinite interior. Therefore since M is locally compact cr-compact, G P\ M* has 
non-empty interior in M*. But M* itself is open in Y, which implies that intyG is 
infinite. Suppose that SleG. Then we can write G = Y\ U n <w ^ni where each G n 
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is a compact subset of aX\X. Let P = {J ieJ Xi be such that \J n<L0 C n C clpxP, 
where J C / is countable. Choose a countable K C I\J, and let Q = UieK 
Then Q* C Y\cLjxP C G. But Q contains a copy S of w as a closed subset, and 
since Q* is open in Y, we have uj* ~ 5* C Q* C intyG. Now Parovicenko Theorem 
completes the proof. □ 

As it is noted in Theorem 15.71 of [9] , for a zero-dimensional locally compact 
non-compact separable metrizable space X, the answer to the question of whether 
or not £k{X) and £r-(w) are order-isomorphic depends on which model of set 
theory is being assumed. In the following we show that assuming the Continuum 
Hypothesis, if w(X) ~ Hi, then £k{X) and £k{D(^i)) are order-isomorphic (here 
£>(Ki) denotes the discrete space of cardinality Ki). 

Theorem 4.4. [CH] Let X and Y be zero-dimensional locally compact metrizable 
spaces of weights Hi. Then £k(X) and £k{Y) are order-isomorphic. 

Proof. By the above theorem, 5 = (aX\X) U {ft} ~ uj* . We claim that ft is in 
fact a P-point of S. So suppose that ft E Z e Z(S). Then S\Z C aX\X being 
a cozero-set in S is cr-compact, and therefore, assuming the notations of Theorem 
11.11 there exists an M = \J ieJ X%, where J C I is countable, such that S\Z C M*. 
Therefore S\clpxM is an open neighborhood of fi contained in Z. Similarly, il' is 
a P-point of T = (aY\Y) U {ft'} ~ w*. By W. Rudin's Theorem, under [CH], for 
any two P-points of uj* , there is a homeomorphism of uj* onto itself which maps one 
point to another (see Theorem 7.11 of [16]). Let / : S — > T be a homeomorphism 
such that /(ft) = ft'. Now arguing as in the proof of Theorem 14.21 we can show 
that £k{X) and £k(Y) are order-isomorphic. □ 

Clearly since to C £)(Ni), £k{D(^i)) contains an order-isomorphic copy of 
£k(uj). What is more interesting is the converse to this which is the subject of 
the next result. 

Corollary 4.5. [CH] There is an order isomorphism from £k(D(Ri)) onto a subset 
of £k{uj). Such an order isomorphism is never onto £k(uj). 

Proof. Let X = By Theorem EH we have (aX\X) U {ft} ~ uj*. Let 

/ : (aX\X) U {ft} -> uj* be a homeomorphism. Let Z e \x(£k(X)). Then by 
Lemma 6.6 of [9], we have Z C aX\X, and therefore Z C M*, for some countable 
M C X. Now Z being clopen in X* is clopen in M* , and therefore it is clopen in 
(<tX\X) U {ft}. Thus f(Z) is a clopen subset of w*, i.e., f(Z) £ \ u (S K (u)). Let 
F : X x (£k(X)) \ u (£ K (u)) be defined by F(Z) = f(Z). Then F is clearly an 
order-isomorphism of \x{£k{X)) onto its image. 

To show the second part of the theorem, we note that by Theorem [3321 £k(X) 
has no minimum whereas £k(uj) does. □ 

We summarize the above results in the following theorem. 

Theorem 4.6. Let X and Y be zero- dimensional locally compact non-separable 
metrizable spaces. Then condition (1) implies the others. 

(1) £k(X) and £k(Y) are order-isomorphic; 

(2) Z(ujo~X\X) and Z{uaY\Y) are order-isomorphic; 

(3) The Boolean algebras of clopen sets B{uaX\X) and B(uaY\Y) are order- 
isomorphic; 
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(4) LoaX\X and LoaY\Y are homeomorphic. 

Furthermore, if at least one of X and Y has weight greater than 2 N ° , then the above 
conditions are equivalent. If we assume [CH], then the above conditions are all 
equivalent. 



5. On a subset £ s {X) of £{X) 

In this section we introduce a subset £s(X) of £ (X) and investigate its properties 
and its relation to the sets £k(X) and £ (X) introduced before. 

Definition 5.1. For a locally compact non-separable metrizable space X, let 
£s(X) = {Y = X 1) {p} G £(X) : p has a separable neighborhood in 7}. 

Theorem 5.2. For a locally compact non-separable metrizable space X we have 

£,s(X) = {Y ~ X Li {p} G £{X) : p has a a-compact neighborhood in F}. 

Proof. Suppose that p has a cr-compact neighborhood W in Y = X U {p} G £ (X). 
Then W being a union of countably many compact (and therefore separable) subsets 
is separable, and so Y G £s(X). 

To show the converse, let {U n } n<u} be the extension trace in X corresponding 
to Y = X U {p} G £.s(X). Then there exists a k < u such that V = U k U {p} 
is separable. Now since Uk is locally compact and separable, it is a-compact (see 
3.8.Cof[7]). □ 

In the following we first characterize the elements of £s(X) in terms of their 
corresponding extension traces. 

Lemma 5.3. Let X be a locally compact non-separable metrizable space and let 
Y = X U {p} G £{X). Then the following conditions are equivalent. 

(1) Y e £ S (X); 

(2) For every extension trace U — {U n } n<UJ in X generating Y , there exists a 
k < lo such that for every n > k, c\xU n \Un+i is a-compact; 

(3) There exists an extension trace U = {U n } n<u in X generating Y, such that 
for every n < uj, c\ x U n \U n+ i is a-compact. 

Proof. (1) implies (2). Suppose that Y = X U {p} G £s(X), and let {U n } n<UJ be 
an extension trace in X which generates Y . Since p has a a-compact neighborhood 
in Y", there exist a k < lo such that c\xU k U {p} is cr-compact, and therefore 
c\xU n \U n+ i is cr-compact, for every n > k. That (2) implies (3), and (3) implies 
(1) are trivial. □ 

The next result shows how £s{X) is related to £k{X). 

Theorem 5.4. Let X be a locally compact non-separable metrizable space. Then 
we have 

£ S {X) = {Y e £{X) :Y>S for some S G £ K {X)}. 

Proof. Suppose that Y G £{X) and let S G £ K (X) be such that Y > S. Let U = 
and V = {y n } n<U j be extension traces in X, corresponding to Y = XU{p} 
and S = X U {q}, respectively. Since S G £k(X), there exists an n < lo such that 
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c\xV n U {q} is compact. Since Y > S, U is finer than V, and therefore there exists 
a k < to such that Uk C V n . Now since 

c\ x U k = (J (cl x U k n {cl x Vi\V i+1 )) 

clxUk U {p} is a cr-compact neighborhood of p in Y, i.e., Y € £s(X). 

For the converse, let Y G £s(X) and let £Y = {C/,i}n< w be an extension traces in 
X generating Y, with clxC^n\^n+i being cr-compact for all n < u>. Since c\xU\ = 
[j n<UJ (c\x U n \U n +i), we have A(Y) C cbjxE^i C aX, and thus Y > S for some 

Se^i). □ 

The following, under [CH], describes £s(X) order-theoretically as a subset of 
£{X). 

Theorem 5.5. [CH] Let X be a locally compact non-separable metrizable space and 
let S G £(X). Then S G £s(X) if and only if 

\{Y G £{X) : Y > S} \ < Hi. 

Proof. Suppose that S £ £{X) is such that |{Y G £{X) : Y > S}\ < Ni. Then 
arguing as in the proof of Theorem 13.61 we have X(S) C cX, and therefore S > T, 
for some T G £*r(X). 

Conversely, if 5 G £s(X), then there exists a T G £k{X) such that S >T. Now 
the result follows, as by the proof of Theorem [32] we have |{Y G £ (X) : Y > T}\ < 
Hi. □ 

Next we find the image of £$(X) under A. This will be used in the subsequent 
results. 

Theorem 5.6. Let X be a locally compact non-separable metrizable space. Then 
we have 

X(£s(X)) = {Z G Z{loo-X\X) : fi g ^}\{0}. 

Proof. Let Y G £ S (X). Then there exists an S £ £ K {X) such that Y > 5, 
and thus A(Y) C \(S) C <jX. Now since A(5) is clopen in wdA\X, we have 
A(Y) G Z(lu<tX\X). 

Conversely, suppose that ^ Z G -E(cjctX\X) and ft ^ Z. Then since Z C 
crX\X, we have Z C A(5), for some 5 G £ K (X). Thus Z = A(Y) for some Y > S, 
i.e., Y G £ S (X). □ 

Combined with Theorem l3.7l the following theorem shows that whenever w(X) > 
2 H °, the sets £ (X), £k(X) and £s(X) have three distinct order structures. 

Theorem 5.7. Let X be a locally compact non-separable metrizable space. Then 
£k(X) and £s(X) are never order-isomorphic. If moreover w(X) > 2 N °, then 
£{X) and £g(X) are never order-isomorphic. 

Proof. The first part of the theorem follows from an argument similar to that of 
Theorem EH1 

To show the second part, suppose that <f> : £(X) — > £g(X) is an order-isomorphism. 
By part (4) of Theorem l3.19l there exists a sequence {Y n } n<LLl in £{X) with no lower 
bound in £{X). Let for each n < ui, S n G £k{X) be such that S n < 0(Y„) (see 
Theorem 15 .4j) . Then by part (5) of Theorem l3.19l the sequence {S n } n <u: and there- 
fore the sequence {4>(Y n )}n<u has a lower bound in £k(X), contradicting to our 
assumptions. □ 
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For a point x in a space X, we denote by w(x,X), the smallest weight of an 
open neighborhood of x in X. In the following lemma, under [CH], we characterize 
the points of aX\X in X*. 

Lemma 5.8. [CH] Let X be a locally compact non-separable metrizable space. Then 
the set o~X\X consists of exactly those elements x G X* for which w(x, X*) < Hi. 

Proof. Assume the notations of Theorem 11.11 Let x G aX\X. Then x G M*, 
where M — [_j ieJ Xi 1 for some countable J C I. Since M is separable, we have 
w(M*) < Hi. 

Conversely, suppose that x G X* is such that w(x, X*) < Hi. Suppose that 
x aX. Let V be an open neighborhood of x in X* such that w(clx*V) < Hi. 
Let / G C(Jf*,I) be such that /(x) = and C {1}. We show that there 

exists a Z G A(£(X)) such that ZCS = Z(/) and Z\crX ^ 0. Since S G -ZpT), 
by Lemma l4~2l of [9], there exists a regular sequence of open sets U = {U n } n <u in 
X such that S = f| n<w Let 

I = {i G / : X, n p| f7 n ^ 0}. 

We consider the following two cases. 

Case 1) Suppose that L is countable. Let for each n < u>, V n = U n \\J ieL Xi. 
Then since 

n y n = n u »\ u x < = 

n<uj n<oj i£LL 

V = {V n } n<UJ is an extension trace in X . Now for each n < uj y we have 
= (f n n U Xi) * U (V„\ U JTi) * C U V* 

i£L i£L 

and therefore since x G S 1 = P| n<(i; E/£\cr.X', we nave £ € fln<w^n- Let ^ = 
f|„ <w V* G A(£ (X)). Then clearly ZC^and Z\crX ^ 0. 

Case 2) Suppose that L is uncountable. Let {L n } n<UJ be a partition of L into 
mutually disjoint uncountable subsets. Let for each n < us 

V n = U n n \J{Xi : i G L n U L„+i U • ■ ■ }. 

Then V = {Vn}n<w is an extension trace in X. We verify that for each n < ui, 
c\/3xV n \o-X ^ 0. For otherwise, if for some n < ui, clpxVn Q &X, then clpxVn Q 
c\px({J ieH Xi), for some countable H C I, and therefore V„ C lj ieff Xj, which is 
a contradiction, as each L n is chosen to be uncountable. By compactness of /3X, 
we have f] n<u ( c hxV„\aX) ^ 0. Let in this case Z = f] n<u V* G A(£ (X)). Then 
clearly Z C S and Z\trX 7^ 0. 

Let A G be such that Z = A (A). By Theorem EH A ^ £ S P0 and thus 

by Theorem EH |{Y G £(X) : Y > A}\ > Hi. Lemma l ISTTB of [6] states that for 
a er-compact space T with w(T) < 2^°, we have |C(T)| < 2^°. Now applying this 
to clx*V, we obtain |.Z(clx»^)| < Hi, which is a contradiction. This proves our 
lemma. □ 

Theorem 5.9. [CH] Let X and Y be locally compact non-separable metrizable 
spaces. If X* andY* are homeomorphic, then £s(X) and £s(Y) are order-isomorphic. 
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Proof. By Lemma 15.81 any homeomorphism between X* and Y* induces a home- 
omorphism between aX\X and aY\Y. Now the proof is completed by a slight 
modification of the last part of the proof of Theorem 14.21 □ 

The following is analogous to Theorems 14.11 and 14.21 It shows how the order 
structure of £s(X) and the topology of crX\X are related to each other. 

Theorem 5.10. Let X and Y be locally compact non- separable metrizable spaces 
and letuiaX = crATU{f2} and uiaY = o~YU{Q'} be the one-point compactifications of 
o~X and o~Y , respectively. If £s(X) and £s(Y) are order-isomorphic, then ujo~X\X 
and loo~Y\Y are homeomorphic. 

Proof. Let : Xx(£s(X)) —> Xy(£s(Y)) be an order- isomorphism. We extend 
by letting 0(0) = 0. We define a function -0 : Z{uaX\X) — > Z(u)aY\Y) and verify 
that it is an order-isomorphism. 

For a Z e Z(u)aX\X), with tl £ Z, let ip(Z) = <f>(Z). 

Now suppose that Z 6 Z(uaX\X) and O 6 Z. Then (uaX\X)\Z, being 
a cozero-set in u)aX\X, can be written as {ujo~X\X)\Z = \J n<u Z n , where for 
each n < ui, Z n G Z(ujaX\X) and £ Z n , and thus by Theorem 15 .61 Z n 6 
Xx(£s(X)). We claim that {J n<LU 4>(Z n ) is a cozero-set in uxtY\Y. To show this, 
let Y = i£ j^i, with each Yi being a separable non-compact subspace. Since 
for each n < u), 4>(Z n ) C aY\Y, there exists a countable L C J such that 
U„<^(2n) C {\J ieL Yi)* = cj>(A), for some A G X X (£ S (X)). We show that 
(f){A n Z) = <j)(A)\\J n<UJ 4>{Z n ). Since for each n < u>, A n Z n Z n = 0, we have 
(f>(A r\Z)n cf>(Z n ) = 0, and therefore ef>(A fl2)C 0(A) \ {J n<u (f>{Z n ). To show the 
converse, let x 6 0(A) \ {J n<UJ <j>(Z n ). Since for each n < u, x £ <j>(Z n ), there ex- 
ists a B 6 Z(aj<rY\F) such that x £ B, and for each n < w, B n 4>(Z n ) = 0. 
If x ^ 0(A fl Z), then there exists a C G Z(oj<7Y\Y) such that a; £ C and 
Cn0(AnZ) = 0. Consider D = 0(A)nBnC G Ay(£<?(r)), and let £ G Ax(£<?(X)) 
be such that 0(B) = D. Then since for each n < u>, 4>{E) n <f>{Z n ) = 0, we have 
E D Z n = 0, and therefore E <Z Z. On the other hand since 0(B) S 4>{A), we have 
B C A and thus £ C A ("1 Z. Therefore, 0(B) C 0(A n Z), which implies that 
0(B) = 0, as 0(B) C C. This contradiction shows that x G 4>(APiZ), and therefore 
0(A C\Z) = <p(A)\ \J n<u </>(•£„). Now since 0(A) is clopen in we have 

(o«rY\y)\ (J 0(Z n ) - (0(A)\ |J 0(Z„)) u (( w «ry\y)\^(A)) 

= 0(A HZ)U ((ua-Y\Y)\(f>(A)) G Z(wcrY\Y) 

and our claim is verified. In this case we define %j){Z) = (uiaY\Y)\ U n<w <P{Z n ). 

Next we show that is well-defined. So assume another representation for Z, i.e., 
suppose that Z = (uaX\X)\ {J n<u S n , with S n G X x (£s{X)) U {0}, for all n< u>. 
Suppose that \J n<u] (f>(Z n ) ^ \J n<UJ <fr(S n ). Without any loss of generality we may 
assume that \J n<u <f>{Z n )\ \J n<u 0(S n ) + 0. Let x e \J n<LJ </>(Z n )\ \J n<u 4>{S n ). 
Let m < uj he such that x G (f>{Z m ). Then since x ^ |J n<w 4>{S n ), there exists an 
A £ Z(waY\Y) such that x £ A and A n U„< w "K^n) = 0- Consider A n 0(Z m ) G 
Ay(£ s (V)). Let B G \ x (£s(X)) be such that 0(B) = An<j)(Z m ). Since 0(B) C A, 
we have BnS„ = 0, for all n < uj. But B C Z TO C U„< w ^« = U„<u which 
implies that B = 0, which is a contradiction. Therefore (J n<w <j>(Z n ) = [J n<u $(S n ), 
and thus ^ is well defined. 
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To prove that ip is an order-isomorphism, let 5, Z 6 Z(ujctX\X) with 5 C Z . 
Assume that 5^0. We consider the following three cases. 

Case 1) Suppose that CL<£Z. Then 0(5) = 0(5) C 0(Z) = 0(Z). 

Case 2) Suppose that Q £ S and Q G Z. Let Z = (WX\X)\ (J n<w Z„, with 
Z n G Ax(£s(A)) U {0}, for all n < uj. Then since 5 C Z, for each n < w, we have 
5 n Z„ = 0, and therefore 0(5) n 0(Z„) = 0- We have 

*P(S) = <f>(S) C («(ry\y)\ |J 0(Z„) = 0(Z). 

n<u; 

Case 5) Suppose that f2 6 5 and let 

Z = (uaX\X)\ \J Z„ and 5 = (wcrX\X)\ (J 5„ 

where for each n < uj, S n ,Z n £ Ax(£sPO) U{0}. Since 5 C Z we have (J n<u Z n C 
U„ <w 5„, and so 5 = (waX\X)\ U„< w (^ U Z n ). Therefore 

V(5) = (uj<jY\y)\ (J (0(5„) u0(z„)) c (« ff y\y)\ |J 0(z„) = v(z) 

and thus is an order-homomorphism. 

To show that is an order-isomorphism, we note that _1 : Xy(£s(Y)) —} 
Ax(£s(X)) is an order-isomorphism. Let 7 : 2(wcry\y) — > Z{ujaX\X) be its 
induced order-homomorphism defined as above. Then it is straightforward to see 
that 7 = ip~ , i.e., is an order-isomorphism and thus Z(uiaX\X) and Z(uiaY\Y) 
are order-isomorphic, which implies that uiaX\X and uiaY\Y are homeomorphic. 

□ 

The next result is the converse of the above theorem under some weight restric- 
tions. 

Theorem 5.11. Let X and Y be locally compact non-separable metrizable spaces. 
Suppose moreover that at least one of X and Y has weight greater than 2 N ° . Let 
uiaX and uiaY be as in the above theorem. Then if uiaX\X and uiaY\Y are 
homeomorphic, £s(X) and £s(Y) are order-isomorphic. 

Proof. This follows by a slight modification of the proof of Theorem 14.21 □ 

We summarize the above theorems as follows. 

Theorem 5.12. Let X and Y be locally compact non-separable metrizable spaces. 
Suppose moreover that at least one of X and Y has weight greater than 2 . Then 
the following conditions are equivalent. 

(1) £s(X) and £s(Y) are order-isomorphic; 

(2) Z{uio~X\X) and Z{ojijY\Y) are order-isomorphic; 

(3) ujo~X\X and uiaY\Y are homeomorphic. 

Comparing Theorems 14.61 and 15.121 we deduce that for zero-dimensional locally 
compact non-separable metrizable spaces X and Y, such that at least one of them 
has weight greater than 2 K °, £s(X) and £s(Y) are order-isomorphic if and only if 
£k{X) and £k{Y) are. It turns out that even more is true. 

Theorem 5.13. Let X and Y be zero- dimensional locally compact non-separable 
metrizable spaces and let f : £k{X) — » £k(Y) be an order-isomorphism. Then 
there exists an order-isomorphism F : £$(X) —> £g(Y) such that F\£k{X) = f. 
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Proof. Let g = Ay/A^ 1 : \ X (£ K (X)) -> X y {£k{Y)) and G : 23(WX\X) -> 
S(wCTy\F) be as defined in the proof of Theorem 14. II Then as it is shown there, G 
is an order-isomorphism, and since uaX\X and uio~Y\Y are zero-dimensional, there 
exists a homeomorphism : ujaX\X — > ojcry\F such that <f>(U) — G(U), for any 
U £ £(wcrX\X). Let i? : Ax(£<?(X)) -4 Ay(f s (F)) be defined by #(Z) = 0(Z). 
We verify that H is a well-defined order-isomorphism. 

First we note that </>(f2) = fi'. For otherwise, if 0(x) = f2', for some x 7^ 
f2, then since x G oX\X, assuming the notations of Theorem 11.11 we have x £ 
(Uiez -^i)* = [/, for some countable LCI. Now since U is clopen in woX\X, 
we have (j>{U) = G(U), and by the way we defined G, G(U) = g(U) £ X Y (£ K (Y)). 
But this implies that f2' = <j>(x) £ 4>(U) £ X y (£k(Y)), which is a contradiction. 
Therefore =0'. 

Now suppose that Z e X x (£s(X)). Then by TheoremEU Z £ Z(ujaX\X) and 
f2 ^ Z. Therefore <fi(Z) is a zero-set in uiaY\Y such that fi' <I>(Z). This shows 
that i? is well-defined. By the way we defined H , it is clearly an order-isomorphism. 
Now let U £ X x {£k{X)). Then since U £ B{ujaX\X), we have H(U) = <p(U) = 
G(U). But by definition of G, since ft <£U, G(U) = g(U), and therefore H(U) = 
5(C/), i.e, ff|Ax(&(X)) = g. Now let F = X Y 1 HX X ■ £s(X) -4 5s(Y"). Clearly 
F is an order-isomorphism and by definition of g, for any A £ £k(X), we have 
F(A) = Xy l HXx{A) = Xy l gX x {A) = f(A), i.e., F\£ K {X) = f and the proof is 
complete. □ 

The next result gives an order-theoretic characterization of £k{X) as a subset 
oi£ s {X). 

Theorem 5.14. Let X be a locally compact non-separable metrizable spaces. For 
a set T C £g(X) consider the following conditions. 

(1) For each A £ £s(X), there exists a B £ J- such that B < A; 

(2) For each A,B £ T such that A < B, there exists a C £ T such that 
B A G = A, and B and C have no common upper bound in £s(X). 

Then the set £k(X) is the largest (with respect to set-theoretic inclusion) subset of 
£s(X) satisfying the above conditions. 

Proof. We first check that £k(X) satisfies the above conditions. Condition (1) 
follows from Theorem 15.41 To show that £k(X) satisfies condition (2), suppose 
that A,B £ £ K {X), with A < B. Let A(G) = X(A)\X(B), for some G £ £ K {X). 
Clearly C > A, and if Y £ £ S {X) is such that C > Y and B > Y, then A > Y. 
Thus A = B A G. It is clear that B and G have no common upper bound in £g(X). 

Now suppose that T C £${X) satisfies conditions (1) and (2). Let Y £ T . Then 
by Theorem 15.61 we have X(Y) C aX\X. Assume the notations of Theorem 11.11 
Then X(Y) C (\J ieJ Xi)* = X(A) (properly), for some countable J C I. Using 
condition (1), let B £ T be such that B < A. Then since Y > B, by condition 
(2), there exists a G £ T such that Y A G = B and Y, C have no common upper 
bound in £ S (X). Let D £ £ S (X) be such that X(D) = X(Y) U A(G). Then since 
D < Y and D < C we have D < B. Also since Y > B and G > B, we have 
A(-B) 3 A(D), and therefore B = D. Now as Y and G have no upper bound in 
common X(Y) n A(G) = 0, and therefore as X(Y) = X(A)\(X(A) n A(G)), A(F) is a 
clopen subset of X*. Thus Y £ £k(X) and therefore T C £ K (X). □ 



2(5 



M.R. KOUSHESH 



Theorem 5.15. Let X and Y be locally compact non-separable metrizable spaces. 
Then for any order-isomorphism (f> : £s(X) — » £s(Y) we have 4>(£k{X)) = £k(Y). 

Proof. Let T = c/)(£k{X)). Then it is easy to see that T satisfies the conditions of 
Theorem l5.14[ and thus by maximality T C £k(Y). The reverse inclusion holds by 
symmetry. □ 

The following result is analogous to Theorem 14. 4\ replacing £k(X) and £k(Y) 
by £s(X) and £s(Y), respectively. 

Theorem 5.16. [CH] Let X and Y be zero- dimensional locally compact metrizable 
spaces of weights Hi. Then £s(X) and £s(Y) are order-isomorphic. 

Proof. By Theorem 14.41 £k(X) and £k(Y) are order-isomorphic. The result now 
follows as by Theorem 15.131 every such order-isomorphism can be extended to an 
order-isomorphism of £s{X) onto £s(Y). □ 

The following example shows that zero-dimensionality cannot be omitted from 
Theorems 15.161 and l4~4l 

Example 5.17. Let X = £>(^i) and Y = i<w Yt, where for each i < uji, Y t = R. 
Suppose that £s(X) and £s(X) are order-isomorphic, and let (f> : £s{X) — > £s(Y) 
denote an order-isomorphism. By Theorem 16. 1[ 4>\£k{X) : £x(X) — s> £k(Y) is also 
an order-isomorphism. Let j < ui and let T € £k(X) be such that A(T) = Y* . 
Let 5* S £k(X) be such that <fi(S) = T. Then since the number of clopen subsets 
of Y* = R* is finite, there arc only finitely many A £ £k{X) such that A > S, 
which is a contradiction, as \x(S) C D* ~ ui*, for some countable D C X, and 
there are infinitely many clopen subsets of Xx (S) each corresponding to an element 
A £ £ K (X) with A > S. 

In Theorems 13.61 and !5.14[ we characterized £k(X) among the subsets of £ (X) 
and £s(X), respectively. In the following we give a characterization of £ s (X) among 
the subsets of £(X) which contain £k{X). 

Theorem 5.18. Let X be a zero- dimensional locally compact non-separable metriz- 
able space. Then the set £$(X) is the smallest (with respect to set-theoretic inclu- 
sion) subset of £{X) containing £x(X), such that for every upper bounded (in 
£{X)) sequence in £k(X), it contains its least upper bound (in £(X)). 

Proof. Using Theorem 15.41 it can be seen that the set £s(X) satisfies the above 
requirements. 

Now suppose that £k(X) C JC £s(X) satisfies the conditions of the theorem. 
Let Y £ £s(X). By Lemma 13.171 we have X(Y) = f] n<u U*, for some extension 
trace {U n } n<UJ in X consisting of clopen subsets of X. Since Y £ £s(X), by 
Theorem [531 Y > S for some S £ £ K (X). Now for any n < u), X(S) n U* is 
a clopen subset of X*, and therefore X(S) ("1 U* — X(Y n ), for some Y n £ £k(X). 
Clearly for any n < w, X(Y) C X(Y n ), and thus Y > Y n . Therefore Y = \J n<LJ Y n , 
and thus by assumption Y £ J 7 , which shows that £s{X) C J. □ 

6. Some cardinality theorems 

In this section we obtain some theorems on the cardinality of the sets £k(X) and 
£{X). By modifying the proofs, similar results can be obtained on the cardinality 
of the set £ S (X). 
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Theorem 6.1. Let X be a locally compact non-compact metrizable space. Then we 
have 

\£(X)\ = 2 W ^ X \ 

Proof. First suppose that X is separable. By TheoremOof [9], £ (X) and Zpf *)\{0} 
are order- anti-isomorphic. Since X is non-compact, it contains a copy M of uj as a 
closed subset, and therefore since uj* ~ c\pxM\M , we may assume that uj* C X*. 
But uj* is z-embedded in X* and therefore 

\£(X)\ = \Z{X*)\ > \Z(u>*)\ = 2*° = 2 W W. 

Now suppose that X is non-separable and assume the notations of Theorem ll.il 
Clearly |/| = w(X). For each i € I, let {U^} n<u be an extension trace in Xj. For 
each non-empty J C I and each n < uj, let V™ = \J ieJ U % n - Then it is easy to see 
that Vj = {V?} n<u is an extension trace in X and Vj t and Vj 2 are non-equivalent 
for Jx ^ J 2 . Thus in this case \£(X)\ > \V{I)\ = 2 w{x \ 

Finally, we note that to every extension trace {U n }n<u in X, there corresponds 
a sequence {B n } n<u of subsets of B, where B is a base for X of cardinality w(X), in 
such a way that U n — [J B n , for all n < uj. Since the number of such sequences does 
not exceed \V(B)\*° = 2 w( - x \ it follows that 2™W > \£(X)\, and thus combined 
with above, this implies that equality holds. □ 

By a known result of Tarski (Tarski Theorem) for any infinite set E, there is a 
collection A of subsets of E such that \A\ = \E\^°, \A\ = Hq for any A e A and the 
intersection of any two distinct elements of A is finite (sec Theorem 12.11 of [10]). 
We use this in the following theorem. 

Theorem 6.2. Let X be a locally compact non-compact metrizable space. Then we 
have 

\£k(X)\ <w(Xf°. 
Furthermore, if X is non-separable or zero-dimensional, then equality holds. 

Proof. Let Y G £k(X). Then by Lemma 13. 1[ there exists an extension trace 
U = {Un\n<u in X which generates Y , and clxU n \U n +i is compact for all n < lu. 
Let B be a base in X with |B| = w(X), and let Uq — X. Then since for all n < uj, 
c\xU n \U n +i is a compact subset of the open set [/„-i\cLx^n+2, it follows that 
there exists a k n < uj and C™ , . . . , C£ £ B such that 

cl x U n \U n+1 CCfU-U Cl n C C/ n _ 1 \cl x C/„ +2 . 

Let 

v n = |J cf u |J u • • • . 

i=l i=l 

Then clearly V,j C U n -i. On the other hand since f] n<u U n = 0, it follows from 

clxUj\Uj + x C lj l fc i 1 C/, j = n, n+1, . . . that clxC/« C V n . Now V = {V n } n<UJ is an 
extension trace in X equivalent to U, and therefore Y is also generated by V. So 
to each Y e £r- (X), there corresponds a sequence {{C™}*!!! 1 } n < tl ; which consists of 
finite subsets of B. Since the number of such sequences is not greater than w(X) H ° , 
we have \E K (X)\ < w(Xf°. 

For the second part of the theorem we consider the following two cases. 

Case 1) Suppose that X is separable and zero-dimensional. By Proposition 15.11 
of [9], X = \J n<u C n , where each C n is open with compact closure in X, and 
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c\xC n C C n +i for all n < lj. Let U n — X\c\xC n - Then clearly U = {U n } n<ui 
is an extension trace in X. By Lemma 13.171 we can choose an extension trace 
V = {V n }n<u> consisting of clopen subsets of X equivalent to U. For each n < lj, 
there exists a k n such that t//- n C V n , and so X\V n C X\Uk n = c\xCk n - Therefore 
X\y„ and thus V^V^+i is compact. Let D\,D-2,,.. be distinct non-empty sets 
of the form V n \V n +\. Now let {-/V t } t<2 x be a partition of lj into infinite almost 
disjoint subsets. For t < 2 N ° let N t = {n',n|,...}, where n* 7^ n*, for distinct 
i,j < lj, and let 

V t = {D n t U D <+i U • • • } fc<w 

which is an extension trace of clopen subsets of X. Clearly each Vt is corresponding 
to an elements of £k(X), and since the corresponding members of £k(X) are 
distinct we have \£ K (X)\ > 2 H °. 

Case 2) Suppose that X is not separable and assume the notations of Theorem 
11.11 By Tarski Theorem, there exists a collection J of subsets of /, with \ J\ = 
7| N ° = w(X) ii ° and \ J\ = No, for every J £ J, such that the intersection of any 
two distinct elements of J is finite. Let for each J S J , Yj £ £k(X) be such that 
X(Yj) = QJipjXi)*. Then {Yj : J G J} is a collection of distinct elements of 
£ K {X) and therefore \£ K {X)\ > w(Xf°. □ 

7. Some questions 

Assume [CH]. Let X and F be zero-dimensional locally compact non-separable 
metrizable spaces. Suppose that <f> : £(X) — > £(Y) is an order-isomorphism. Then, 
since 4>(£k(X)) satisfies the conditions of Theorem 13.61 by maximality of £k(Y), 
we have (P(£k{X)) C £ k (Y), and therefore by symmetry 4>{£k{X)) = £k(Y). 
Thus £k (X) and £k(Y) are order- isomorphic. Note that in proof of Theorem 14.11 
using its notations, we could define a homeomorphism / : lj<jX\X — ► o;cry\y such 
that f(U) = G(U), for any U S i3(ojCTX\X). Therefore since for any countable 
J CJ, !)' ^ ff (Qj) = G(Qj) = /(Qj), we have /(Q) = fi' and thus /|<rX\X : 
aX\X aY\Y is a homeomorphism. In other words, having £(X) and £{Y) 
order-isomorphic implies that aX\X and <rY\Y are homeomorphic. We don't 
know if the converse also holds. More precisely 

Question 7.1. Let X be a locally compact non-separable metrizable space. Is there 
a subspace of X* (in particular X* itself) whose topology determines and is deter- 
mined by the order structure of the set £(X) ? 

Question 7.2. Let X and Y be zero- dimensional locally compact non-separable 
metrizable spaces. Is every order-isomorphism ip : £k{X) £k(Y) extendable to 
one from £(X) onto £(Y) ? Are at least £(X) and £{Y) order-isomorphic? 

It turns out that the above two questions are related in the following way. 
Suppose that for every zero-dimensional locally compact non-separable metrizable 
spaces X and Y, any order-isomorphism tj> : £(X) — > £{Y), induces a homeo- 
morphism / : X* — >■ Y* , in such a way that for every T € Xx(£(X)), f(T) = 
\ Y <t>X£{T). Let X = D(Ni) and Y = l<tJl Y u where for each i < lj x , Y t is the 
one-point compactification of lj. Then by Theorem 14.41 under [CH], £k{X) and 
£k(Y) are order-isomorphic. Suppose that £{X) and £ (Y) are order-isomorphic, 
and let 4> and / be as defined above. Then as the proof of Theorem 12 . 1 1 shows . there 
exists a non-empty zero-set Z G Z(Y*)\\y{£{Y)) such that int C(T y (Z\aY) = 0. By 
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LemmaESl we have f(X*\aX) = Y*\aY and therefore int CCT x(/ _1 (^)\°"^) = 0- 
By Theorem 6.8 of [9], this implies that f~ 1 (Z) £ Xx{£(X)), which clearly con- 
tradicts our assumptions. Therefore, in some ways the answer to the above two 
questions cannot both be positive. 
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